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Abstract 
An optimal method is proposed for designing the structure parameters of microaccelerometer. Four types of 
microaccelerometers are investigated including piezoresistive cantilever-type, piezoresistive bridge-type, capacitive cantilever-
type and capacitive bridge-type. The objective is to enlarge sensitivity as well as bandwidth. The effect of structure parameters 
such as length, width and depth on sensitivity are studied by forward analysis. According to the results of forward analysis the 
nonlinear optimization to maximize sensitivity and meet the requirement of bandwidth is efficiently performed. A numerical 
example to demonstrate the optimal design of microaccelerometers using the proposed method is presented. 
© 2013 The Authors. Published by Elsevier Ltd.  
Selection and peer-review under responsibility of the National Chiao Tung University. 
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Nomenclature 
b width ratio of the microaccelerometer 
bi width dimension of the microaccelerometer (Pm) 
bL lower bond of width ratio 
bU upper bond of width ratio 
C capacitive constant of the microaccelerometer 
d0 distance between two capacitor plates (Pm) 
E Young’s modulus (Pa) 
fmin minimum natural frequency (Hz) 
FS objective function of  nonlinear optimization 
g gravitational parameter (m/s2) 
h thickness ratio of the microaccelerometer 
hi thickness dimension of the microaccelerometer (Pm) 
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hL lower bond of thickness ratio 
hU upper bond of thickness ratio 
Kp proportional constant between the piezoresistance and stress 
L length ratio of the microaccelerometer 
Li length dimension of the microaccelerometer (Pm) 
LL lower bond of length ratio 
LU upper bond of length ratio 
R piezoresistive constant of the microaccelerometer 
SC sensitivity of the capacitive microaccelerometer (s2/m) 
SR sensitivity of the piezoresistive microaccelerometer (s2/m) 
SL sensitivity rate for the length ratio (s2/m) 
Sb sensitivity rate for the width ratio (s2/m) 
Sh sensitivity rate for the thickness ratio (s2/m) 
zC vertical deflection of the middle surface for capacitive bridge type of microaccelerometer (Pm) 
zm vertical deflection of the middle surface for capacitive microaccelerometer (Pm) 
zP vertical deflection of the middle surface for capacitive cantilever type of microaccelerometer (Pm) 
Vmax maximum stress of the plate (Pa) 
'R piezoresistor change of the microaccelerometer 
'C capacitive change of the microaccelerometer 
U density of the material (kg/m3) 
1. Introduction 
Microelectromechanical systems (MEMS) technologies has enabled the small devices (microsensors, 
microacutactors, and active control systems) to have a great influence in the development of spacecrafts, 
navigation systems, and unmanned air vehicles. Among these applications, microaccelerometers with high 
accuracy have demonstrated significant progress in microgravity measurement. The capacitive accelerometer have 
high sensitivity but a small frequency range. In literatures, Francis et al. designed a low-cost differential capacitive 
accelerometer with full measurement range of ±2g and high sensitivity (800 mV/g) [1]. Yasunori et al. provided a 
high-sensitivity accelerometer using multilayer piezoelectric ceramics. The sensitivity was about 900 pC/g in the 
frequency range from 0.01 to 10 Hz [2]. Yu and Lan conducted the system modeling of microaccelerometer and 
examined the resonance frequency, dynamic response, and sensitivity from the analyses if theoretical model and 
the finite element simulation. The numerical results are in agreement with the analytical results, and the analytical 
model will be helpful in optimization design for microaccelerometers [3]. For the piezoresistive cantilever 
microaccelerometers, Park et al. built the analytical model for sensitivity that was validated by experimental 
results [4]. According to the analytical simulations, Park et al. developed the optimization approach for structure 
design to improve force resolution while satisfying various constraints [5]. 
This paper addresses the problem of designing a microaccelerometer by using forward analysis and nonlinear 
optimization. An ideal microaccelerometer should have high sensitivity as well as bandwidth. The sensitivity is 
measured by resistance change for piezoresistive microaccelerometer and capacity change for capacitive 
microaccelerometer. In forward analysis, the effect of different design variables including length, width and 
thickness on sensitivity was explored. In nonlinear optimization, the sensitivity is maximized under the constraints 
to meet the specified bandwidth requirement. With the help of forward analysis, the efficiency of nonlinear 
optimization is increased remarkably. 
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2. Definition of sensitivity 
The function of microaccelerometers is that the resistance or the capacitor changes during acceleration, as 
shown in Fig. 1. The corresponding resistance or capacitor response can be transferred to the voltage change and 
amplified by the Wheatstone bridge circuit. Therefore, the resistance or capacitor should be put in the position 
with as large sensitivity as possible. In the case of plate, the position is at the place of maximum stress; i.e., the 
center of top face. According to the plate theory, the maximum stress is 2max 0.3081 ( )q L hV   for clamped boundary 
conditions, where q is the pressure; L is the width of the plate and h is the plate thickness. The resistance change 
rate R'  is proportional to the strain. The strain is proportional to the stress based on linear elasticity. Most of the 
change of the stress comes from the normal stress nV . Thus, the sensitivity of the microaccelerometer can be 
defined as the ratio of resistance change to original resistance by applying unit acceleration g. As the plate 
thickness is smaller or the plate width is larger, the resistance becomes more sensitive. The sensitivities of the 
resistance microaccelerometer and the capacitor microaccelerometer can be defined as follows [6]: 
2
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(1) 
where Kp depends on the orientation of the piezoresistor and the Young’s modulus of the material, 0d is the 
distance between two capacitor plates in static situation, mz is the vertical deflection of the middle surface of the 
movable plate. Note that the unit of the sensitivities in Eq. (1) is s2/m. In Fig. 1, assuming that the vibration mass 
in the center plate is a single mass, the minimum natural frequency minf and the sensitivity S can be expressed as 
explicit functions of the non-dimensional structural parameters L, b, h [6]: 
z Cantilever-type microaccelerometer 
 Minimum frequency 
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where U  is the density of the material and the non-dimensional variables 2 1L L L , 2 1b b b , 2 1h h h . 
Coefficients Bij and Cij are listed in Table 1. 
 Sensitivity 
 
Piezoresistance design: 
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z Bridge-type microaccelerometer 
 Minimum frequency 
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where coefficients Bij and Cij are listed in Table 1. 
 Sensitivity 
 Piezoresistance design: 
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 Capacitor design: 0 0 1cS d d z g  ( /( ) )  , where
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Table 1. Coefficients of formulations 
Equation Coefficients 
Eq. (2) 5 2 2
10 11 123   5 3 2  5 4 6 3B bL h B L L B L L L      ( ), ( ), ( ),
9 3
10 182C L h ( ),  
5 6 2
11 12C 21 27 26 C 126 12 22 13L L L L L    ( ), ( ),
2
13 6 273 264 70C L L L  ( ),  
2 2 3
14C 36 138 273 217 70L L L L   ( ),
3 2 3 4
15C 315 16 48 63 42 12L L L L L    ( ).  
Eq. (4) 2 5 3 2 4 2 2 5 4
20 21 2272   20 9 2 48  6 20 10 80 128B L bL h B L L h L B L L L h L h         ( ), ( ) , ( ) ,
3 2 2 2
23 2412 5 10 2 240   120B L L L h L B L     ( ) , ,  
11 3 2 2 2 3 2 4
20 212912  18 7 2 48 273 17 7 4932C bL h L C L L h L L L h L       , ( ) ( ) ,
8 2 2 4 2 3
22 2 84 6 11 24 828 49 49 17C L L L h L L L L      ( ) ( ),  
5 2 3 2 3 2 4
23 2 5040 987 54 62 24 981 14 42 6432C L L L L h L L L h L       ( ) ( ) ,
4 2 2 2 3
24 251008 10 6912  2520C L L h L C L     ( ) , .  
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Fig. 1. Microacclerometers: cantilever type(solid line), bridge type(dash line). 
3. Sensitivity analysis 
Based upon the results in section 2, the gradient of sensitivity (sensitivity rate) with respect to the design 
variables L, b, h can be obtained. The analytical functions of the sensitivity rates of the cantilever-type and bridge-
type microaccelerometers are summarized as follows. 
z Cantilever-type microaccelerometer 
 Piezoresistance design 
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 Capacitor design 
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z Bridge-type microaccelerometer 
 Piezoresistance design 
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 Capacitor design 
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(9) 
The second and third equations of Eq. (6) and Eq. (9) are rectified from the corresponding equations in [6]. The 
numerical results according to our formulations are shown in this paper, which are exactly equal to ref. 4. It 
supports our rectification in Eq. (6) and (9). 
4. Numerical results 
The forward analyses of microaccelerometers are presented in this section. The material properties and 
constants are specified as: Kp=7.8h10-10, d0=4Pm, E=130GPa, g=9.81m/s2, U kg/m3, L1=500Pm, b1=700Pm, 
h1=80Pm. Figs. 2-4 compare the sensitivity of different types of microaccelerometers with respect to three design 
variables, the length, width, and thickness ratios. In Fig. 2, we fix the width ratio at 4 and thickness ratio at 5, i.e., 
b=4 and h=5, to observe the graph of sensitivity versus length ratio L. Similarly, in Fig. 3, we fix the length ratio 
at 2 and thickness ratio at 5, i.e., L=2 and h=5, to observe the graph of sensitivity versus width ratio b, and we fix 
the length ratio at 2 and width ratio at 5, i.e., L=2 and b=5, to observe the graph of sensitivity versus thickness 
ratio h in Fig. 4. Since the sensitivity of capacitive cantilever type of microaccelerometer is larger than that of 
other types of microaccelerometers by one order of magnitude, the right vertical axis is used to represent the 
sensitivity value of capacitive cantilever type of microaccelerometer in Figs. 2-4. In Fig. 2, the sensitivity of 
cantilever type of microaccelerometers, no matter of piezoresistive design or capacitive design, increases 
exponentially with length ratio. In contrast, from Fig. 3 and 4, the sensitivity increases linearly with width ratio 
and thickness ratio. In addition, the following comparison can be made. If the microaccelerometers are made by 
using the same material (piezoresistor or capacitor) the sensitivity of cantilever type is higher than that of bridge 
type. If the microaccelerometers are made by the same structural type (cantilever or bridge), the sensitivity of 
capacitor design is higher than that of piezoresistor design. 
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Fig. 2. Variation of the sensitivity with respect to the length ratio L. 
 
Fig. 3. Variation of the sensitivity with respect to the width ratio b. 
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Fig. 4. Variation of the sensitivity with respect to the thickness ratio h. 
Following the results in Eq. (6) and Eq. (7), the numerical simulation of sensitivity rates S xw w (=Sx, x=L, b, h) 
designed in the cantilever-type are shown in Fig. 5 for the piezoresistor microaccelerometers and Fig. 6 for the 
capacitor microaccelerometers, respectively. The results are the same as that shown in Fig. 13 of ref. 4, though 
there are some inconsistencies between Eq. (6) and Eq. (37) and Eq. (38) of ref. 4 as pointed out in section 3.  
 
Fig. 5. Sensitivity rate variationüPiezoresistive design of cantilever type. 
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Fig. 6. Sensitivity rate variationüCapacitive design of cantilever type. 
 
Fig. 7 and 8 show the simulation of the sensitivity rate functions for the bridge-type. From Fig. 8 the sensitivity 
rate Sh begins to decrease as the length ratio L is larger than 6. It reveals that the device sensitivity may not always 
increase by enlarging the length ratio; moreover, the effect of the length ratio on increasing the sensitivity will 
decay for the piezoresistive bridge-type of microaccelerometer in Fig. 7. For the cantilever-type of 
microaccelerometer with mass 0.5g, the sensitivity is 0.06 for piezoresistor design (low sensitivity and high 
bandwidth) and the sensitivity is 3.5 for capacitor design (high sensitivity and low bandwidth) at the length ratio is 
4.5. The magnitude of the sensitivity rate for the catilever-type is much larger than that for the bridge-type of 
microaccelerometer by approximately 3 orders as comparing the numerical results between Fig. 8 and Fig. 6. To 
study the sensitivity rate corresponding to the structural ratio , ,L b h  can give us a valuable insight into solving the 
nonlinear optimization. By the way, the capacitive cantilever-type of microaccelerometer is more sensitive than 
the piezoresistive bridge-type of microaccelerometer. It agrees with the physical sense. 
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Fig. 7. Sensitivity rate variationüPiezoresistive design of bridge type. 
 
Fig. 8. Sensitivity rate variationüCapacitive design of bridge type. 
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5. Nonlinear optimization 
As discussed in last section, the sensitivity is not the only consideration during nonlinear optimization. The 
minimum natural frequency is a necessary criterion to make sure the system meet the tolerance of bandwidth 
requirement before we stop the design process. The design variables are the length ratio L, width ratio b, and 
depth ratio h depicted in Fig. 1. The nonlinear objective function and constraints are defined as the combinations 
of sensitivity rate and the minimum natural frequency as follows: 
Min. Objective Function: 
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The upper and lower bonds of design variables are expressed as: 
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(10c) 
0xS  are the specified maximum sensitivity rates obtained from forward analysis. The selected values are 10
-5 for 
piezoresistive cantilever-type, 10-3 for capacitive cantilever-type, 10-6 for piezoresistive bridge-type, and 10-4 for 
capacitive bridge-type of microaccelerometers. The specified frequency constraint 0f  is 10 kHz for cantilever-
type and 0.5 kHz for bridge-type. The upper and lower bonds of the design variables are 1LL  , 2L Lb h  , 
LU=6, bU=15, hU=5. L1=700Pm, b1=500Pm, h1=40Pm. The results of optimal design for the four types of 
microaccelerometers with different initial guesses are presented in Table 2. For the piezoresistive bridge-type of 
microaccelerometer, the objective function decreases from 1.329 to 0.033 after 178 iterations and the minimum 
frequency is 507.7 kHz which is larger than the bandwidth requirement 500 Hz. The nonlinear optimal methods 
are Feasible Direction Method and Golden Section Method [7]. 
 
Table 2. Optimal results of microacclerometer design 
Type L b h iterations fmin[kHz] 
pi
ez
or
es
is
t
or
 cantilever 
Initial guess 2 10 3 
334 11343.1 
Final result 5.152 6.752 4.416 
bridge 
Initial guess 3 10 2 
178 507.7 
Final result 4.894       11.757 4.987 
ca
pa
ci
to
r cantilever 
Initial guess 3 11 2 
418 13473.5 
Final result 4.988   5.239 4.236 
bridge 
Initial guess 3 12 2 
372 7756.4 
Final result 1.326 2.015 3.123 
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6. Conclusions 
This paper optimizes the design of structural parameters for microaccelerometers. The efficiency of nonlinear 
optimization is improved by forward analysis. The variations of sensitivity and sensitivity rates of piezoresistive 
and capacitive design for cantilever-type and bridge-type of microaccelerometers with respect to the structure 
variables are correctly derived and presented. The valuable results of forward analysis contribute to efficiently 
reaching the convergence of inverse nonlinear optimization. 
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